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Today’s Lecture (if time allows…)

▪ Introduction to:

o heat transport in porous media

o solute transport in porous media

▪ “It’s time for coffee”!
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Continuity equation

The conservation (or continuity) equation states that the temporal variation of the variable considered

(water content, density of heat, concentration, etc.) is equal to the spatial variation of the flow,

corrected for possible contributions, losses or transformations within the system

General Form:

𝜌 = Volumetric concentration of the variable considered

𝑞 = flux across the system boundaries

𝑟𝑖 = rate of production, degradation, or transfromation     

      within the domain (many sources/sinks i may exist)

Sustance 𝜌 Unit q Unit

Water Water content, 𝜃 m3 m-3 Darcy’s law m s-1

Heat Quantity of heat J m-3 Fourier’s law J m-2 s-1

Chemical substance or gas Concentration kg m-3 Fick’s law kg m-2 s-1

𝜕𝜌

𝜕𝑡
= −∇ ∙ 𝒒 + ෍

𝑖
𝑟𝑖



The first law of heat conduction, known as Fourier’s law, states that the flux of heat in a homogeneous 

body is in the direction of, and proportional to, the temperature gradient:

to account for nonsteady (transient) conditions, we invoke the principle of energy conservation in the

form of the continuity equation, stating that, in the absence of internal sources or sinks of heat, the time

rate of change in heat content of a volume element must equal the change of flux with distance:

where ρ is mass density and cm specific heat capacity per unit mass (defined as the change in heat

content of a unit mass of the body per unit change in temperature). The product C=ρcm is the specific

heat capacity per unit volume

Note: E = 𝜌𝑐𝑚𝑇 is the thermal energy
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Heat transport

𝜌𝑐𝑚

𝜕𝑇

𝜕𝑡
= −∇ ∙ 𝒒ℎ

𝒒ℎ = −𝐾ℎ∇𝑇



Combining the previous two equations we obtain the desired second law of heat conduction:

Introducing the therma diffusivity 𝐷ℎ = 𝐾ℎ/𝜌𝑐𝑚 and assuming it is a constant, leads to:

To solve the foregoing equations so as to obtain a description of how temperature varies in space and

time, we need to know, by measurement or calculation, the pertinent values of the three parameters just

defined, namely, the volumetric heat capacity C, thermal conductivity K, and/or thermal diffusivity D.

Together, they are called the thermal properties of soils.
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Heat transport

𝐶
𝜕𝑇

𝜕𝑡
= ∇ ∙ 𝐾ℎ∇𝑇

𝜕𝑇

𝜕𝑡
= 𝐷ℎ∇2𝑇



The conservation of mass for a solute dissolved in water is (assuming non-reactive transport):

Solute movement can occur via three mechanisms: mass flow (advection), molecular diffusion, and

hydrodynamic dispersion, i.e.
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Solute transport

𝜕 𝐶𝑠𝜃

𝜕𝑡
= −∇ ∙ 𝒒𝑠

https://books.gw-project.org/groundwater-velocity/chapter/subsurface-mixing/ 

𝒒𝑠 = 𝒒𝑠,𝑎𝑑𝑣 +𝒒𝑠,𝑑𝑖𝑓𝑓 +𝒒𝑠,𝑑𝑖𝑠𝑝
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▪ Advection (or mass flow) of soil water, sometimes called the Darcian flow, carries with it a flux of solutes qs,adv
proportional to their concentration Cs:

▪ Diffusion processes commonly occur within multicomponent gaseous or liquid phases, in consequence of the

random thermal motion (often called Brownian motion) and repeated collisions and deflections of molecules in the

fluid. Solutes tend to diffuse from zones where their concentration is higher to where it is lower. In bulk water at rest,

the rate of diffusion qs,diff is related by Fick’s first law to the gradient of the concentration Cs :

▪ Hydrodynamic dispersion results from the microscopic nonuniformity of flow velocity in the soil’s conducting

pores. This differs from diffusion in its mechanism but tends to produce an analogous tendency to mix and

eventually to even-out the differences in concentration:
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Solute transport

𝒒𝑠,𝑎𝑑𝑣 = 𝒒𝐶𝑠 = ഥ𝒗𝜃𝐶𝑠 𝒒 = −𝐾∇(ℎ + 𝑧)where

𝒒𝑠,𝑑𝑖𝑓𝑓 = −𝐷𝑑𝑖𝑓𝑓∇𝐶𝑠 where 𝐷𝑑𝑖𝑓𝑓  is the diffusion coefficient

𝒒𝑠,𝑑𝑖𝑠𝑝 = −𝐷𝑑𝑖𝑠𝑝∇𝐶𝑠 where 𝐷𝑑𝑖𝑠𝑝  is the dispersion coefficient



The conservation of mass for a solute dissolved in water thus become

Since in practice the diffusion and dispersion phenomena cannot be separated, we can write the

advection-dispersion equation in the following form:

Where 𝐷𝑑  is the lumped diffusion–dispersion coefficient
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Solute transport

𝜕 𝐶𝑠𝜃

𝜕𝑡
= −∇ ∙ 𝒒𝑠 𝒒𝑠 = ഥ𝒗𝜃𝐶𝑠 − 𝐷𝑑𝑖𝑓𝑓∇𝐶𝑠 − 𝐷𝑑𝑖𝑠𝑝∇𝐶𝑠

Saatsaz and Eslamian (2020) 

with

𝜕𝐶𝑠

𝜕𝑡
= −∇ ∙ ഥ𝒗𝐶𝑠 + ∇ ∙ 𝐷𝑑∇𝐶𝑠
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Solute transport

Puigserver et al. (2020)
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Solute transport

https://www.enviro.wiki/
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Is it time for coffee?
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Almost!

Just a final recap of 

(soil physics) theory first!
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Cameron et al (2019)
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It’s time for coffee!

ETHZ Cook the Science - Granular matter: The secrets of barista coffee | Shem Leupin & 
Thomas Michaels

https://www.youtube.com/watch?v=03s1qBBESm0
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It’s time for coffee!
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It’s time for coffee!

https://balancecoffee.co.uk/blogs/
Beverly et al (2020)
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It’s time for coffee!
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It’s time for coffee!

Moroney et al (2015)
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It’s time for coffee!

Moroney et al (2015)

h-phase

s-phase

v-phase
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It’s time for coffee!

Moroney et al (2015)

Water:

Coffee:

h-phase

s-phase

v-phase
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It’s time for coffee!

Moroney et al (2015)
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It’s time for coffee!

Moroney et al (2015)
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It’s time for coffee!

Moroney et al (2015)
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It’s time for coffee!

https://uweb.engr.arizona.edu/~blow
ers/cooking/mass/coffee2.html

We are now going to use Fick's law to perform a measurement to find the rate of accumulation of caffeine in 

brewing coffee.  Along the way, we will discover why it is important to grind coffee beans before you brew 

them.

▪ D = 1.14 * 10-4 m2/sec (caffeine and water)
▪ Csat = 1.77 mol caffeine / mol water is the maximum

concentration of caffeine that may be contained in water.
For water at the brewing temperature of coffee,

▪ Cbulk = 0.538 mol caffeine / mol water is the average
concentration of caffeine in the final product, a cup of
coffee..

▪ l is the distance between the surface of the coffee ground
and the bulk coffee at concentration Cbulk. This is a stagnant
layer of liquid next to the surface of the coffee ground. We
can estimate the distance to be 0.00001 m. Self-

Study
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It’s time for coffee!

𝐽 = 𝐷
𝐶𝑠𝑎𝑡 − 𝐶𝑏𝑢𝑙𝑘

𝑙
𝐽 = 1.14 × 10−4 1.77−0.538

0.00001
= 14

𝑚𝑜𝑙 𝑐𝑎𝑓𝑓𝑒𝑖𝑛𝑒

𝑠 𝑚2  

Can you imagine the time it would take to brew coffee from whole

beans?

▪ If we take a coffee bean to have roughly 1 cm2 = 10-4 m2 surface area

and assume that about 200 coffee beans are used to brew a pot of

coffee, we find that they have an initial surface area of 0.02 m2.

▪ After grinding, the same coffee beans become a coarse powder with a

surface area of about 800 m2 - an increase of 40’000%!

If it takes only one second of contact between the water and the contact

between the water and the ground coffee, it would take 40’000 more

seconds to brew a pot of coffee from beans than from coffee powder -

that's over 11 hours!

The amount of caffeine produced per time is therefore directly related to the surface area of the coffee ground. If we

double the size of the surface area of the coffee ground, we halve the time it takes to brew. Grinding the the coffee

increases the surface area of the coffee tremendously.

https://uweb.engr.arizona.edu/~blow
ers/cooking/mass/coffee2.html

Self-
Study
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This week exercises & assignments

▪ Exercises: additional problems (optional) + time to finish previous

exercises/questions on course material

▪ Computer Lab: free time to finalize report

▪ Report submission:

o submit your computer lab report (1 per group) in Moodle.

o Deadline: December 12 at 23h59
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Useful links

▪ Solute transport:

o Transport Equations in porous media

o Mechanisms of solute transport in soils (Youtube)

• Modeling coffee:

o Modelling of coffee extraction during brewing using multiscale methods

o Systematically Improving Espresso

o Modeling Mass and Heat Transfer in Multiphase Coffee Aroma Extraction

https://echo2.epfl.ch/VICAIRE/mod_3/chapt_7/main.htm
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